[1] The effects of heat transfer by ventilation in snow are investigated theoretically. We draw together standard analytical results for fluid flow in porous media and apply them to the case of steady flows induced by periodic roughness elements. These solutions are used to estimate the relative magnitude of ventilation heat transfer in snow. We conclude that topography-driven ventilation is unlikely to have a significant impact on the larger scale energy balance of snow-covered regions since the airflow is confined to a shallow penetration depth or just the roughness elements themselves, rather than the bulk snowpack. In particular, for the limiting case of very warm and moisture saturated air flowing over a melting snow cover, we show that latent and sensible heat due to ventilation have about equal contributions and that this contribution is small compared to the overall surface flux as predicted by the Monin-Obukhov theory.
Introduction
[2] Snow ventilation is a phenomenon that has long been discussed and analyzed theoretically [Albert, 1996; Clarke and Waddington, 1991; Colbeck, 1989; Cunningham and Waddington, 1993; Waddington et al., 1996] and experimentally [Albert and Hardy, 1995; Sokratov and Sato, 2000] . Simply put, it is the flow of air through the pore space of a snowpack. It is a special case of fluid flow through porous media, a subject which has received considerable attention [e.g., Bear, 1988; Nield and Bejan, 2006] . Porous media flow and heat transfer receive significant interest because of their importance in various geological and industrial contexts, while interest in forced convection through snow has been primarily driven by a need to understand how chemical species in the atmosphere are absorbed by the ice matrix [Cunningham and Waddington, 1993; Waddington et al., 1996] . Over time, such chemical species become locked into polar ice and these chemical records are essential for studying the chemical composition of the atmosphere throughout the Earth's recent history [e.g., Siegenthaler et al., 2005] .
[3] For a complete analysis of heat transfer by ventilation in snow we must bring together theoretical results from several different fields. We require the fluid dynamical results of numerical and experimental studies of flow over topography, we require information about the character of the atmospheric surface layer from the field of atmospheric science, we must draw on the theory of fluid flow in porous media, and also the theories of heat transfer by forced fluid convection. In this investigation we will aim to assess the impact that snow ventilation might have on the heat flux at a snow surface. Some authors have stressed that ventilation plays a ''key role'' in heat transfer through snow [Albert and McGilvary, 1992] . Others have concluded that its impact is negligible in the majority of circumstances [Colbeck, 1989] . Based on the results of the present investigation given in section 4.2, we have concluded that it cannot significantly increase the transfer of heat above that of conventional surface exchange since the ventilation flows are too weak and the strongest flows only occur to a small penetration depth.
[4] There are several mechanisms through which ventilation occurs in a snowpack. Shear-driven ventilation can occur within a thin layer of thickness $ 5 mm below the snow surface if topographic features are negligible in height (the snow is only rough at the millimeter scale) [Clifton et al., 2008] . It can also be caused by turbulent fluctuations of air which impose a nonstationary, inhomogeneous pressure distribution upon the snow surface. Long periodic, barometric changes in atmospheric pressure can force air into and out of the snow over the course of synoptic time scale periods [Colbeck, 1989; Cunningham and Waddington, 1993] . Finally, topographic features such as snow dunes can cause a steady, nonuniform pressure distribution to arise inducing stationary ventilation flows within such features. It has been concluded [Clifton et al., 2008] that shear-driven ventilation occurs only within a thin layer beneath the surface and is thus unlikely to induce a large additional heat transfer to the bulk snowpack. Pressure gradients induced by turbulent fluctuations tend to be of a sufficiently high frequency that the corresponding ventilation flows are short lived and rapidly attenuated [Colbeck, 1989] . It is also clear that barometric pressure changes cause the entire body of air within a snowpack to be compressed or expanded over long periods. Over shorter time scales, the heat transfer into and out of the snow will be more heavily influenced by other factors. This leaves topography-driven ventilation as the only significant means through which additional heat transfer might occur when steady winds pass over nonuniform snow surfaces. Indeed, other authors have claimed that topography-driven ventilation is the mechanism likely to be significant to heat transfer and chemical uptake [Colbeck, 1989; Cunningham and Waddington, 1993] .
[5] The problem of snow ventilation has been investigated theoretically by Clarke and Waddington [1991] , Cunningham and Waddington [1993] , and Waddington et al. [1996] in the context of the uptake of chemical species. They concluded that topography-driven snow ventilation could have a significant impact on the rate at which certain substances are absorbed by the snowpack. Colbeck [1989] also assessed the problem of snow ventilation, with an approximate estimate of the heat flux due to flows induced by surface features. Again, he concluded that this mode of ventilation could provide an additional means for heat delivery while the other mechanisms, turbulent and barometric, were likely to have a minimal impact. Finally, Albert [1996] , Albert and Hardy [1995] , and Albert and McGilvary [1992] conducted numerical investigations into the effects of the different means by which heat can be delivered to the snowpack and concluded that topographydriven ventilation should be the most significant.
[6] In this paper we shall provide a compact and tractable analysis of the problem of topography-induced ventilation flows, similar in approach to that by Cunningham and Waddington [1993] . In order to assess the potential influence of ventilation on the overall energy balance of snow covered surfaces, we shall assess the heat flux due to ventilation and compare its magnitude to that of turbulent transfer as predicted by the Monin-Obukhov theory. We shall make several key assumptions in deriving the final result and as a result our conclusions are of a qualitative nature. In the next section we outline some of the basic theory required for an analysis of fluid flow in porous media before deriving analytical solutions to the problem of steady flow through twodimensional snow dunes in section 3. We shall then apply these results to the problem of heat transfer and compare the approximate magnitudes of ventilation to turbulent heat transfer. Specifically, we shall calculate both sensible and latent heat estimates for the extreme case of warm moist air flowing over a melting snowpack. [7] We begin by deriving the general equation which describes the propagation of pressure fluctuations through a porous medium. We assume a linear form of Darcy's law for the momentum equation governing the airflow in the snow. Use of this form of the momentum equation as opposed to the Brinkman-Forchheimer extended model [Nield and Bejan, 2006] is justified because most of the airflow occurs sufficiently far from any impermeable boundaries (the soil or ice layer) and the flow is sufficiently slow that inertia effects are not important. Thus we shall use the basic Darcy equation as our starting point [Bear, 1988; Nield and Bejan, 2006] :
Fluid Flow in Porous Media Theory
where u is the volume flux vector of air in the medium, k p is the permeability of the medium (assumed to be isotropic and homogeneous), P is air pressure, and is the dynamic viscosity of air. The permeability k p is a parametrization of the flow resistance of a porous medium, in which tortuosity and porosity effects are embodied. For low speed, laminar flows, the majority of the flow resistance will be caused by frictional drag between the air and the walls of the pore spaces. However for higher flow velocities, inertia will become more important and eventually the flow inside the pores will become turbulent. These are the cases in which Darcy's law is no longer valid and one must use a more sophisticated momentum equation. It is stated by Bear [1988] that ''Darcy's law is valid as long as the Reynolds number based on average grain diameter does not exceed some value between 1 and 10''. The porous media Reynolds number is defined as Re p ¼ ud=, where is the kinematic viscosity of the fluid. Using a typical snow pore diameter of d % 0.5 Â 10 À3 m [Clifton et al., 2008] , we are therefore confined to volume fluxes of u 0.12 m s
À1
. It would require an extremely strong wind passing over our model roughness elements to produce a volume flux greater than this value. There are no sources or sinks of air in the system (release of vapor through sublimation is neglected) thus the airflow is governed by the continuity equation [Nield and Bejan, 2006 
where is the air density. The porosity is assumed to be homogeneous and stationary (effects of ice structure change due to changes of phase between vapor and ice are assumed to be negligible). We describe the pressure P as being composed of a stationary and homogeneous ambient pressure P 0 and a time-varying, inhomogeneous pressure fluctuation p 0 (x, t) of much smaller magnitude,
where x is a coordinate vector, t is time, and P 0 ) jp 0 j. We also assume that the air obeys the equation of state for an ideal gas,
where R is the molar gas constant, T is temperature, and M a is the molar mass of air. Inserting equations (1) and (4) into equation (2), and eliminating R and M a yields
[8] If we assume that the gas is incompressible,
then @=@tðP=T Þ vanishes, as does r Á ðP=TÞ. Finally, if we make use of the specific form for the pressure (equation (3)), we find that
W04503

BARTLETT AND LEHNING: VENTILATION HEAT TRANSFER IN SNOW W04503
since rP 0 ¼ 0. Equation (7) can be solved straightforwardly given suitable boundary conditions. [9] In this section we will analyze steady ventilation flows caused by topographic features. Dunes and sastrugi are examples of common wind-sculpted structures found in snow-covered regions. If we focus on the mean flow of the wind passing over such features, there will be a nonuniform distribution of dynamic pressure along the surface of the feature. Such pressure gradients drive steady flows within surface roughness elements. We shall derive a simple expression for the ventilation velocity of flows through idealized roughness elements: sinusoidal, two-dimensional dunes. Equation (7) will be used as our governing equation, the solution of which requires two boundary conditions. When a steady flow moves transverse to a solid duneshaped feature there is a high-pressure region upstream of the crest and a lower pressure region on the downstream side of the crest. An exception to this would be when the flow is sufficiently slow as to be described as Stokes or creeping flow, i.e., when Re ( 1. However the atmospheric flows of relevance to this investigation have Re ) 1. In experimental and numerical investigations, (e.g., Cardenas and Wilson [2007] ), separation of the momentum boundary layer is clearly visible at the dune crest. The boundary layer reattaches between the trough and the next dune crest. Without detailed values for the exact pressure distribution over our 2-D dune, we will assume that it has the same shape as the dune itself (also sinusoidal with the same wavelength as the dune). This approximation is backed up by some of the sparse experimental studies of flow over sinusoidal dunes [Ho and Gelhar, 1973; Vanoni and Hwang, 1967] , which showed that the pressure distribution is approximately the same shape as the topography, but phase shifted with respect to its position (see Figure 1 ). Our surface pressure distribution, which is one of the boundary conditions, can hence be described by [Colbeck, 1989; Cunningham and Waddington, 1993] 
Solutions for the Velocity Field
where K ¼ 2 is the wave number of the roughness elements. Note that the perturbation pressure has taken on the form p 0 ¼ p 0 (x, z) since we are focusing on its stationary component. P d is the magnitude of the pressure perturbation caused by the snow dune and is the wavelength of the dune. Here we have also invoked a flat surface approximation. This means that we assume the pressure distribution exists along the line z ¼ 0 rather than the actual snow surface, z s ðxÞ ¼ H sin Kx À ð Þ. In this expression H is half the total height of a roughness element and is a phase shift due to the fact that p 0 and z s are not in phase with one another (see Figure 1) . A detailed assessment of the validity conditions for this assumption is given by Cunningham and Waddington [1993] , and we will give a brief summary here.
[10] For the flat surface approximation to be valid, the aspect ratio of the dune H= must be small enough that the curvature of the dune does not significantly perturb the paths of the flow from those that would result from the same pressures being imposed upon a plane. Therefore a typical change in height caused by the curvature of the dune must be small compared to the penetration depth of the airflow. This will be most important at the highest curvature points on the dune, i.e., x ¼ =4; 3=4; :::: The condition can be expressed by [Cunningham and Waddington, 1993] Áz ( =2 ;
where the height change caused by moving a horizontal distance =2 is given by
and hence at x ¼ =4 the inequality (9) becomes
[11] To put this condition into perspective, a dune with an aspect ratio of H= ¼ 0:05 is shown in Figure 1 . Clearly the flat surface approximation prevents us from interpreting our solution quantitatively for many potential dunes of interest, however periodic roughness elements of low aspect ratio do exist in Antarctica in the form of so-called megadunes [see, e.g., Fahnestock et al., 2000] .
[12] The second boundary condition for the solution of the governing equation must come from the lower boundary of the domain. The pertinent condition is that the lower boundary is impermeable, therefore the pressure gradient, because it is proportional to the flow velocity, must vanish there,
where L is the depth of the snowpack. The solution to our governing equation, given the boundary conditions, is therefore
[13] We are now in a position to calculate the air velocity within the snowpack. Using Darcy's law (equation (1)), the air flux is given by
[14] We have reliable estimates for all the parameters in this expression except for the magnitude of the pressure perturbation caused by the dune P d . At this point, we again return to the work of Cunningham and Waddington [1993] who calculated an approximate value for this parameter. They assumed, as Colbeck [1989] did, that the pressure magnitude is of the form
where C must be determined from experiment, is the fluid density, and U b is the free stream velocity away from the momentum boundary layer of the flow over the dune. The form of equation (15) is based on the fact that the dynamic pressure distribution over a cylinder is also sinusoidal and is proportional to U 2 1 [Tritton, 1988] . A similar result was found for sand dunes by Vanoni and Hwang [1967] . Using the pressure measurements of Cunningham and Waddington [1993] , we shall choose a value of C ¼ 4 because that is approximately the value they calculated for shapes most similar to our 2-D dunes. They also found that the above analysis breaks down for roughness Reynolds numbers Re r < 70, because the influence of the shear stress from the snow surface is such that the flow begins to transition to Stokes flow. So if we make use of equation (15), we can only apply the results to situations where the flow is in the aerodynamically rough regime since if the flow was laminar, the magnitude of the dynamic pressure perturbation would instead depend linearly on the freestream velocity U b . It should also be noted that Cunningham and Waddington [1993] concluded that C is likely to depend nontrivially on the form of the roughness elements, but to establish such a relationship would require its own dedicated investigation. Nevertheless, we can proceed with estimates for values of the ventilation velocity within dune-like features as long as the parameters conform to the above conditions. We can now assess the form of the flow within the snowpack using equation (14). We can see its solenoidal nature in Figure 1 . We also observe that due to the exponential decay of the air velocity with depth and the spacing of the streamlines, the strongest airflow is confined to a thin layer just beneath the snow surface.
Heat Transfer Estimates
Heat Flux Relation
[15] The total heat flux into the snowpack is a sum of contributions from several different effects [Zhekamukhov and Zhekamukhova, 2002] :
where k m is the weighted thermal conductivity of the snowair system, L w/i is the latent heat of sublimation (w) or vaporization (i), D v is the effective mass diffusivity of water vapor, ÁT is the temperature difference between the surface air and the interior of the snowpack, Á v is the water vapor density difference between the surface air and the interior of the snowpack, is the air density, c p is the specific heat capacity of air at constant pressure, and u is the volume flux of air (Darcy velocity). The first term of equation (16) represents heat flow by diffusion, the second term represents vapor flow by diffusion (latent heat transfer), the third term accounts for sensible heat transfer by forced convection (ventilation), and the last term represents latent heat transfer by forced convection. The numerical investigations of Albert and McGilvary [1992] concluded that the transport of vapor and the associated latent heat exchange had a significantly lower impact on heat transfer than the transport of heat by air. However, we shall investigate the contribution from latent heat alongside that of sensible heat.
[16] The aim of this investigation was to establish how much extra heat (if any) is delivered to the snowpack through the process of ventilation. Clearly if we wished to obtain an exact expression for the heat flux we would have
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to solve the coupled governing equations for the vapor density and temperature fields. This would have to be performed numerically as was done by Albert [1996] . However, we are interested specifically in the additional contribution due to ventilation processes and we seek simple estimates for the magnitude of such effects. We can approximate the contribution to the sensible and latent heat flux from ventilation by neglecting the diffusion terms of equation (16):
[17] This equation simply estimates the heat content (sensible and latent) of a packet of impinging air, assumes it comes into equilibrium with the snow by the time it leaves the snowpack, and uses its velocity as a measure of the rate at which it can deliver its thermal energy. It is important now to distinguish between the key temperatures which will affect heat flux into a snowpack. In addition to the sensible heat flux, these temperatures will also be used to calculate the relevant vapor densities for the latent heat flux.
[18] Clearly the air away from the thermal boundary layer will remain at the ambient freestream temperature T 1 . As we move down toward the snow surface, through the thermal boundary layer, the temperature will most likely remain fairly constant through the outer region due to enhanced turbulent mixing, until finally shifting toward the snow surface temperature T s in the inner region. The temperature will continue to change as we move into the snowpack where the thermal boundary layer will extend through a thin layer beneath the snow surface [Ochoa-Tapia and Whitaker, 1997; Vafai and Thiyagaraja, 1987] . Once away from the surface thermal boundary layer the temperature should settle to its ''inner'' temperature T i , the last of our key temperatures. Of course there will be a final thermal boundary layer at the bottom of the snowpack where the temperature changes from T i to the temperature of the solid layer below, but that is sufficiently far from the surface that it does not affect our analyses. If we wish to invoke the approximate formula for the heat flux (equation (17)), we must first possess a knowledge of the internal temperature of the snow T i and the temperature of the impinging air. On average, the temperature of this air should be close to T s however it is also possible that some encroaching eddies could be significantly warmer. It is important to note that our key temperatures are time averages over a turbulent time scale of the atmospheric surface layer (minutes) and do not apply to particular turbulent eddies. In any case, it is this air (at a temperature equal to T s on average) which will enter the snow and undergo ventilation. We then have ÁT ¼ T s À T i . The temperature relevant to ventilation heat transfer is not the freestream air temperature T 1 .
2-D Steady Flow Through Shallow Dunes
[19] We shall now attempt to find some characteristic values for the heat flux caused by topography-driven ventilation in snow. Without detailed data sets containing spatial and temporal pressure distributions, we are limited to making qualitative estimates. We will make use of the analysis of section 3 for the velocity field and of section 4.1 for the heat flux relation. We first need to establish the total flux of air into the snow. This is found by integrating the vertical component of the volume flux at the surface over the high pressure portion of the snow dune [Cunningham and Waddington, 1993] :
[20] An equal volume will leave the snow dune over the low-pressure portion at the same rate since the airflow is solenoidal. The tanh KL factor embodies flow path perturbations caused by the presence of an impermeable floor. However, the additional drag induced by such a boundary was not incorporated in our momentum equation. Furthermore, this factor tends to 1 as the depth of the snowpack becomes greater than the wavelength of the roughness elements, therefore it shall be omitted from this point on. The heat content of a unit volume of air is given by
and consequently the rate at which heat is brought into the snowpack due to ventilation is found by multiplying equations (18) and (19):
[21] This equation is not exact because we see from Figure 1 that the air which enters the snow near x ¼ 0 and x ¼ =2 spends very little time in the snowpack because it has a relatively high velocity and short flow path. Therefore it is likely that such air would not spend long enough in the snowpack to come into thermal equilibrium with it and the use of equation (20) might overestimate the heat flux. However, we shall see below that despite the heat flux being slightly augmented in this respect, the implication of our main result remains unaltered. We can now introduce the approximation for the pressure perturbation P d (equation (15)) as given by Cunningham and Waddington [1993] ,
[22] Note that this result only applies when H= ( 0:35 and when the wind flow is in the aerodynamically rough regime. The total turbulent heat flux is given by [Brutsaert, 2005] 
where U 1 is the freestream wind velocity. We shall assume we are dealing with a snow-covered region where the wind has sculpted sinusoidal dunes with an aspect ratio of H= ¼ 0:05, which are transverse to the prevailing wind and which have a wavelength of ¼ 10 m. The magnitudes of ventilation and turbulent heat fluxes can now be compared. We perform this calculation for the two contributions (sensible and latent heat) separately. The ratio of ventilation
where ¼ 1:2 Â 10 À2 m s À1 and ¼ 1:5 Â 10 À2 m s
À1
. Note that this result applies when the snowpack depth is large compared to the wavelength of the snow dunes. In the case of shallower snowpacks for which the depth is of similar magnitude to the horizontal length scale of the roughness elements, and will be reduced. Their magnitudes will decay rapidly as the snow depth becomes very small, i.e., as =L becomes large. We can only estimate this effect since we would need to use a momentum equation which includes inertia terms to gain a complete understanding of the effect of the impermeable floor. However, we can be sure that the ventilation flows will only be reduced by the additional drag. We have assumed that the permeability of the snow is k p ¼ 3 Â 10 À9 m 2 [Sommerfeld and Rocchio, 1993] , that the density of the air is ¼ 1:3 kg m
À3
, that the viscosity of the air is ¼ 1:7 Â 10 À5 kg m s
À1
, the temperature differences are ÁT ¼ T s À T i ¼ 5 K and T 1 À T s ¼ 5 K. We have thus treated the situation of warm, moist air (T 1 ¼ 10 C) passing over a melting snow cover (T i ¼ 0 C). Calculation of the vapor densities was performed using the following semiempirical equation [Lehning et al., 2002] : is the saturation vapor pressure over water or ice, p t is the triple point pressure, T t is the triple point temperature, and R v is the water vapor gas constant. This equation is sufficiently accurate given our semiquantitative estimates and our temperatures around the melting snow.
[23] We know that
À2 . This implies that ventilation is likely to have a minor impact on heat delivery when we compare it to the conventional prediction of turbulent surface exchange. Since several of the parameters embedded within the constants and have considerable variability depending on local climatic conditions, it is clear that under certain circumstances topography-driven ventilation may be capable of influencing total heat transport to the snowpack more than our estimation above. For example, if the permeability was relatively high (e.g., 10 Â 10 À3 m 2 ), T s À T i was also large and T 1 À T s was small, ! 10 À1 . Under very high winds, if the velocities U b and U 1 were large and the wavelength of the roughness elements was small, it is possible that ventilation-driven heat flux contributions may increase by one order of magnitude. However, it should also be noted that equations (23) and (24) may overestimate the ventilation heat flux in certain situations. Inertial drag was not included in the governing momentum equation, therefore stronger flows may experience greater flow resistance than our analysis incorporates, thus reducing the ventilation volume flux. In addition, snowpacks whose depth are small compared to the wavelength of the roughness elements will exert additional drag on ventilation flows due to the presence of the impermeable floor. And given that we used typical values in reaching equation (23), it seems unlikely that ventilation will consistently have a large impact on heat transfer since its strength is approximately two orders of magnitude lower than that of turbulent transport at the snow surface.
[24] It is possible that surface features with larger aspect ratios may induce stronger ventilation flows. However, as the aspect ratio of the structure increases it is unlikely that the strength of the ventilation flows would increase considerably faster than linearly (see equations (14) and (15)). Furthermore, the magnitude of such flows would still decay exponentially with depth and thus would likely be confined to the features themselves [Clifton et al., 2008] . Thus there is unlikely to be considerable extra heat transported to the bulk of the snowpack.
Discussion and Conclusions
[25] Based on previous analytical results (not reported here) and in concurrence with other authors [Colbeck, 1989; Cunningham and Waddington, 1993] , we have concluded that topography-driven ventilation is likely to be the most significant of all the mechanisms by which ventilation might deliver additional heat to a snowpack. Shear-driven ventilation has been shown to only occur to a shallow depth [Clifton et al., 2008] , barometric windpumping has too long a period, and turbulent fluctuations are too high frequency and intermittent. Therefore we have restricted ourselves to topography-driven ventilation here. We have produced qualitative evidence that topography-driven ventilation should have a minimal impact on heat transfer under typical conditions. This does not exclude the possibility that in special cases it could provide an additional contribution to the heat flux at certain locations. Roughness elements with larger aspect ratios (e.g., large magnitude snow dunes) may induce stronger ventilation flows but it is improbable that they would penetrate into the bulk snowpack. Furthermore, snowpacks which have depths smaller than the wavelength of their surface features will experience an even smaller additional heat flux due to ventilation. Finally it should be noted that the Monin-Obukhov theory accommodates the small additional effect of ventilation. Seen from the atmosphere, the presence of ventilation would result in a somewhat higher local roughness length than one could (aerodynamically) measure for the same surface if it were impermeable. However the heat (as well as other scalars and momentum) is still subject to the turbulent transfer in the atmospheric surface layer and therefore captured by the Monin-Obukhov theory. It would be a useful and instructive extension to the work presented here to perform an experimental investigation of topography-driven ventilation and its associated heat transfer.
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